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On the basis of the one-dimensional, isothermal mechanistic model in the anode of
an anode-supported solid oxide fuel cell using binary mixture as fuel, two approximate
analytical solutions considering both mass and charge transfer were developed in this
article. First, by dividing the anode into the inactive and active zones, the regular per-
turbation method was used to approximate the distribution of the fuel concentration
and overpotential. Then the approximate solution using the singular perturbation
method reflects both the boundary-layer effects of current density at the two bounda-
ries of the anode. Both the two approximate solutions agree well with the numeric so-
lution in the case of medium and low electric load. By introducing the concept of the
boundary-layer thickness at the anode/electrolyte interface, the two approximate solu-
tions can be combined to get an explicit expression in a wide range of operation. The
result in this article is useful to system-level modeling and dynamic analysis. � 2007
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Introduction

Fuel cells are a kind of environmentally benign, high-effi-
ciency energy conversion devices. As the representative of
high-temperature fuel cells with high-quality exhaust energy
and considerable fuel flexibility, solid oxide fuel cells
(SOFC) is considered to be the most potential candidate for
distributed power system, power station, and automotive
applications.1 To alleviate the stringent requirements for the
materials at the high temperature, development of new mate-
rials, novel cell structure, and reducing operating temperature
are presently the main technical approaches. Anode-sup-
ported structure has been the mainstream of intermediate
temperature planar SOFCs2 with high power density, in

which the anode is much thicker than the electrolyte layer
and the cathode.

There are complex mass and heat transfer and electro-
chemical/chemical phenomena in a fuel cell. In recent years,
many numerical SOFC models have been built for detail
mechanistic analysis.3–13 The state-of-the-art mechanistic
models have been developed to the multidimensional, noniso-
thermal, and transient ones based on commercial solvers.9–12

Although it provides a good understanding of operating prin-
ciple, these numeric simulations are not suitable for system-
level analysis because of their complexity. On the other
hand, some semiempirical models are developed to predict
the polarization curve,14,15 which are limited in particular
cells and could not represent the detailed impacts of operat-
ing and design parameters of SOFC. In the system-level
modeling and analysis of system dynamics and control, it
requires simple and accurate model of single cells, especially
transport model in the membrane/electrolyte assembly.
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Approximate analytical solution of the transport model
provides a good balance between mechanistic and empirical
fuel cell models. There have been some literatures in this
area. Gurau et al.16 presented an analytical solution of a
transport model for half a polymer electrolyte membrane fuel
cell (PEMFC) with the assumption of constant overpotential
in the catalyst layer. Thinking the catalyst layer as an infinitely
thin interface, Tsai et al.17 proposed the two-dimensional
analytical expression of oxygen transport in the cathode
diffusion layer of PEMFC. Costamagna et al.18 obtained an
analytical solution of overpotential distribution in SOFC
electrodes by neglecting the variation of concentration and
exchange current density. Other researchers19,20 also devel-
oped approximate analytical expressions for channel flow
and heat transfer in a fuel cell.

Whatever the structural type and geometry of SOFC,
description of mass/charge transfer and electrochemical reac-
tion in porous electrodes is the core of modeling of single
cell. By introducing an isothermal, one-dimensional transport
model using binary reactants, the purpose of this article is to
present an approximate analytical solution using perturbation
method. Because of the characteristics of anode-supported
SOFCs, the variation of reactant concentration and overpoten-
tial are both considerable in the thick electrode. The solving
process and analysis is also helpful to understand the phe-
nomena of reaction and diffusion in anode-supported SOFCs.

Transport Model in Electrodes

As shown in Figure 1, the core of SOFC is a ‘‘sandwich’’
structure of positive electrolyte negative (PEN). The electro-
lyte layer is made from a ceramic such as yttria-stabilized
zirconia (YSZ) and plays a role in conducting oxygen ion
and separating fuel and oxidant. The material of the anode is
typically a Ni-YSZ cermet, and the cathode is mostly lantha-
num-based perovskite. Both the electrodes are formed by a
mixture of ionic conductor/electronic conductor materials,
and porosities are present in the structure for the gas diffu-
sion, ion/electron transport to make the three phase boundary
(TPB). At the site of TPB, the electrochemical reaction
occurs, which is oxidation of fuel (H2 1 O22 ? H2O 1
2e2, CO 1 O22 ? CO2 1 2e2) in the anode and reduction
of oxygen (1/2O2 1 2e2 ? O22) in the cathode, and the
current density exchanges between ionic conducting phase
and electronic conducting phase. The model is based on the
following assumptions:

1. Only steady state is considered;
2. The temperature and pressure are uniform through out

the PEN structure;

3. Gases are all ideal gases;
4. Only the z coordinate in the thickness direction of PEN

is considered here, and the positive direction is from elec-
trode/channel interface to electrode/electrolyte interface;

5. Each of two conducting phase is considered as continu-
ous and homogeneous, having a conductivity independent of
the z coordinate;

6. Considering the small particle size in the electrodes, the
interfacial electrical equilibrium is well established21 (the
Wagner number is much higher than 1). So, the interfacial
potentials are unnecessary to be distinguished from their
phase-averaged counterparts in this macrohomogeneous
model.

According to Ohm’s law, the charge transfer in electron
phase and ion phase are18

� reffionr/ion ¼ iion (1)

� reffel r/el ¼ iel ¼ wI � iion (2)

r � iion ¼ �r � iel ¼ wj (3)

where /, r, and i are the potential, conductivity, and current
density in electronic conducting phase (el) and ionic conduct-
ing phase (ion) respectively, I is the operating current den-
sity, and w represents the exchange of current density
between the two phases, i.e., w 5 1 in the anode and w 5
21 in the cathode. The electrochemical reaction rate, j can
be described by the general current-overpotential equation18

j ¼ i0STPB
Creact

Creact;b
exp

aneF
RT

g

� �
� Cprod

Cprod;b
exp � bneF

RT
g

� �� �
(4)

where F is the Faraday constant, R the gas constant, T the
operating temperature, ne number of electrons participating
in the electrochemical reaction, a and b are the charge trans-
fer coefficients, creact, cprod, creact,b, cprod,b the reactant and
product concentrations at the reaction active sites and bulk
concentrations, respectively; STPB the TPB active area per
unit volume of electrode, the exchange current density i0 is
related to the gas concentrations22

i0 ¼ i0;refPx
ci
i (5)

where xi and ci is the molar fraction and reaction order of
species i, and the overpotential g is defined as the potential
difference between the two phases minus that in equilibrium

g ¼ w /el � /ion � /eq
el � /eq

ion

� �� �
(6)

The mass transfer in the porous electrode is described by
Stefan-Maxwell equation

�rxi ¼
Xn
j¼1

xjNi � xiNj

ctDeff
ij

þ Ni

ctDeff
i;K

i ¼ 1; 2; . . . ; nð Þ (7)

where ct 5 p/R/T is the concentration of gas mixture, Ni the
diffusion flux of species i, Deff

ij the effective binary diffusion
coefficient calculated by23

Figure 1. 1D schematic diagram of PEN in anode-sup-
ported SOFC.
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Deff
ij ¼ Dij

eP
s
¼ 0:0143ffiffiffiffiffiffiffiffiffiffi

2000
p eP

s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=Mi þ 1=Mj

p
p V

1=3
i þ V

1=3
j

h i2 T1:75 (8)

where p is the total pressure, Mi the molar mass of species i,
ep the electrode porosity, s the electrode tortuosity, Vi the
special diffusion volume, the effective Knudsen diffusion
coefficient of species i, Deff

i;K can be calculated by

Deff
i;K ¼ 2

3
rp
eP
s

ffiffiffiffiffiffiffiffiffi
8RT

pMi

r
(9)

where rp is the mean pore radius of electrode. The mass bal-
ance of species is related to the electrochemical reaction rate

r � Ni ¼ ti
j

neF
þ Ri (10)

where ti is the stoichiometric coefficient of species i in the
electrochemical reaction, Ri the reaction rate of species i in
other chemical reactions such as internal reforming.

In this article, we just discuss the case using binary mix-
ture (H2��H2O, CO��CO2) as fuel and air as oxidant. It is
equimolar counter diffusion (N1 5 2N2) for binary fuel mix-
ture in the anode, and nitrogen is inert (N2 5 0) in the cath-
ode, and only the electrochemical reaction participates (Ri 5
0). Thus, we can obtain the equations for distribution of reac-
tant’s molar fraction (1 5 H2 or CO in the anode, O2 in the
cathode) and overpotential. In the anode, it is

d2x1
dz2

¼ i0;ref STPB
neFctD1;eff

x
c1
1 1� x1ð Þc2

3
x1
x1;b

exp a f gð Þ � 1� x1
1� x1;b

exp �b fgð Þ
� �

ð11Þ

d2g
dz2

¼ i0;ref STPB
reff

x
c1
1 1� x1ð Þc2

3
x1
x1;b

exp a fgð Þ � 1� x1
1� x1;b

exp �b fgð Þ
� �

ð12Þ

where f 5 neF/R/T, the effective diffusion coefficient D1,eff

and the effective conductivity reff are

1

D1;eff
¼ 1

Deff
12

þ 1

Deff
1;K

;
1

reff
¼ 1

reffel

þ 1

reffion

(13)

Neglecting the variation of concentration of oxygen ion,
the equations in the cathode are

d2 ln 1þ Deff
12

Deff
1;K

� x1

� �� �
dz2

¼ � i0;refSTPB
2neFc1Deff

12

x
c1
1

x1
xl;b

exp afgð Þ � exp �bfgð Þ
� �

ð14Þ

d2g
dz2

¼ i0;refSTPB
reff

x
c1
1

x1
xl;b

exp afgð Þ � exp �bfgð Þ
� �

(15)

At the electrode/channel interface (z 5 0), the concentra-
tion of reactant is equal to the bulk concentration, and the
ionic current density completely transfers into the electronic
current density. At the electrode/electrolyte interface (z 5 l),
the flux of reactant is equal to zero, and the electronic cur-
rent density completely transfers into the ionic current den-
sity. So,

x1jz¼0 ¼ xl;b;
dg
dz





z¼0¼ � I

reffel

;

dx1
dz





z¼l ¼ 0;
dg
dz





z¼l ¼ I

reffion

(16)

where l is the thickness of the electrode. Define three dimen-
sionless variables as

~z ¼ z=l; ~x ¼ x1=xl;b; ~g ¼ fg (17)

Then the system in the anode can be normalized to

d2~x

d~z2
¼ e1x

c1þc2�1
l;b ~xc1

1

xl;b
� ~x

� �c2

3 ~x exp a~gð Þ � 1� xl;b~x

1� xl;b
exp �b~gð Þ

� �
ð18Þ

e2
d2~g
d~z2

¼ x
c1þc2
l;b ~xc1

1

xl;b
� ~x

� �c2

3 ~x exp a~gð Þ � 1� xl;b~x

1� xl;b
exp �b~gð Þ

� �
ð19Þ

with the following boundary conditions

~xj~z¼0 ¼ 1;
d~g
dz





~z¼0 ¼ � Ifl

reffel

;
d~x

d~z





~z¼1 ¼ 0;
d~g
d~z





~z¼1 ¼ Ifl

reffion

(20)

The two constants e1 and e2 in the above equation are
defined as

e1 ¼ i0;refSTPBl
2

neFctD1;eff
; e2 ¼ reff

i0;refSTPB fl2
(21)

which are the two perturbation variables in the next approxi-
mate analytical solution. And the transport model in the cath-
ode can be treated similarly.

Approximate Analytical Solution

Because the anode thickness is high in an anode-supported
SOFC, the resistance of mass transfer is high and the mass
and charge transfer in Eqs. 18–20 should be solved together.
The above transport model is strongly nonlinear, and it is
hard to obtain the exact analytical solution. Perturbation
method is a good approach to approximate analytical solu-
tion, which has been widely used in problem of reaction and
diffusion and channel flow in fuel cell.19

Analysis of perturbation variables

The core of perturbation method is to expand the dominant
variables as polynomial expressions of the perturbation
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variable.24 It is important for accurate approximation to find
a small or big enough parameter as the perturbation variable.
In some cases, the two constants e1 or e2 can both be prob-
ably chosen as the perturbation variable. The values of e1
and e2 are mainly influenced by the reference volumetric
electrochemical reaction rate (i0,refSTPB), the electrode thick-
ness, the operating temperature and the ratio of porosity to
tortuosity (ep/s). As the product of pressure and diffusivity is
constant at a given temperature, e1 and e2 are independent of
the operating pressure. For a SOFC, the typical value of
i0,refSTPB is in the order of 108–1010 A/m3, ep/s is within the
range of 0.02–0.3, and the operating temperature differs from
923–1273 K. However, the electrode thickness in an electrode-
supported cell can vary much from 5 3 1025 to 2 3 1023 m.
As the values of e1 and e2 are proportional and inversely pro-
portional to the square of the electrode thickness, respec-
tively, they are strongly influenced by the cell size. For
example, when using hydrogen as the fuel and the typical
values of parameters are T 5 1073.15 K, pDH2

,H2O
5 82 Pa

m2s21, ep/s 5 0.1, i0,refSTPB 5 1 3 109A/m3, reff 5 2.27 S/
m, the values of e1 and e2 should be e15 0.014, 5.56, and e2
5 0.042, 1.05 3 1024 related to the anode thickness l 5 5
3 1025, 1 3 1023 m. For an anode-supported SOFC, the
constant e1 and e2 is generally small enough to be chosen as
the perturbation variable for the thin cathode and the thick
anode, respectively.

On the other hand, there is an important property in the
transport model in Eqs. 18 and 19. As the perturbation vari-
able e1 is very small, i.e. e1 ? 0, the right hand of Eq. 18
approaches to zero, which means the nonlinear equation of
fuel concentration approached to a linear one. In this case,
the regular perturbation method (RPM) is suitable for the ap-
proximate solution. As the perturbation variable e2 is very
small, i.e. e2 ? 0, the left hand of Eq. 19 is close to zero,
which means the nonlinear differential equation of overpo-
tential reduced to an algebraic equation. Considering the
structural transformation of differential equations, it is a typi-
cal problem of boundary layer which is suitable to use the
singular perturbation method (SPM) in this case.

Regular perturbation method

From the above analysis of perturbation variable, the regu-
lar perturbation method seems not suitable for approximately
solving the transport model in the thick anode of an anode-
supported SOFC. With the definition of e1, we can find that
U ¼ ffiffiffiffi

e1
p

is similar to the Thiele modulus which is ratio of
the diffusion time constant to the reaction time constant.
With the above typical values of parameters (l 5 1 3 1023

m), it follows that F2 5 5.56 (i.e. F � 2.4) and will be
higher when considering the nonlinear items of overpotential
in Eq. 18. For a classical problem of diffusion and reaction
of gases throughout a porous catalyst pellet in isothermal
conditions, generally speaking, if F2 [ 10, reaction is much
faster than diffusion, and only takes place in a very small
thickness of the particle, the remaining being useless. In gen-
eral, the conductivity of the electronic conductor (Ni) in the
anode is far greater than that of the ionic conductor (YSZ),
so most of the electrochemical reaction occurs in a zone
close to the anode/electrolyte (A/E) interface according to
the boundary conditions in Eq. 20. From another point of

view, the oxygen ion transferred from the electrolyte layer
almost completely participates in the electrochemical reaction
in this zone, and the remainder ionic conductor contributes
little to the exchange of current densities.

So, we can divide the anode into an active zone and an
inactive zone. It is assumed that there is no electrochemical
reaction in the inactive zone, and all the electrochemical
reaction occurs in the active zone. Thus, the anode in anode-
supported SOFCs is similar to the electrode in PEMFCs, in
which gas transport in the inactive gas diffusion layer and all
the electrochemical reaction occur in the very thin catalyst
layer. As a matter of fact, almost all the semiempirical mod-
els assume the electrochemical reaction only occurs at the
A/E interface.

In the inactive zone, the electrochemical reaction rate is
zero (j 5 0), which means the fuel molar fraction shows lin-
ear distribution (d2~x=d~z2 ¼ 0). From Eqs. 3 and 10, there is

r � �neFN1 þ iionð Þ ¼ 0; N1 z¼lj ¼ 0;

iion z¼0j ¼ 0; iion z¼l ¼ Ij ð22Þ

So, the fuel flux at the anode/channel (A/C) interface is
N1jz¼0 ¼ �ctD1;eff dx1=dzjz¼0 ¼ I=neF, and the fuel molar
fraction in the inactive zone is expressed as

~x
inact

¼ 1� a~z ¼ 1� Il

neFctD1;effxl;b
~z (23)

where a 5 Il/(neFctD1,effx1,b) is the slope rate. And the over-
potential in the inactive zone is

j ¼ 0 ) eginact ¼ 1

aþ b
ln

1� xl;bexinact
1� xl;b
� �exinact

" #
(24)

With the coordinate of the inactive/active interface, ~z0, we
can define two new constants

ê1 ¼ e1 1� ~z0ð Þ2; ê2 ¼ e2= 1� ~z0ð Þ2 (25)

Because of the small thickness of the active zone (1� ~z0),
the RPM is feasible for the transport model in the active
zone using ê1 as the perturbation variable. According to the
perturbation method, the fuel molar fraction and overpoten-
tial are approximated by

~x nð Þ ¼ v0 þ ê1v1 þ o ê1ð Þ;
~g nð Þ � ~ginact ~z¼~z0j ¼ y0 þ ê1y1 þ o ê1ð Þ ð26Þ

By substituting it into Eqs. 18 and 19 and the following
boundary conditions in the scale of n ¼ ð~z� ~z0Þ=ð1� ~z0Þ

d~x

dn





n¼1 ¼ 0:;
d~g
dn





n¼1 ¼ Ifl 1� ~z0ð Þ
reffion

;

~x n¼0 ¼ 1� a~z0j ; ~g n¼0 ¼ ~ginact ~z¼~z0jj ð27Þ

the system can be linearly expanded in series of ê1 according
to Taylor expansion and binominal theorem. With the same-
order items on both sides of the equation are equivalent, the
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system for zero-order fuel molar fraction and overpotential
are

d2v0
dn2

¼ 0; v0 n¼0 ¼ 1� a~z0j ;
dv0
dn n¼1 ¼ 0j

d2y0

dn2
¼ k20y0; y0 n¼0 ¼ 0j ;

dy0
dn n¼1 ¼ Ifl 1� ~z0ð Þ

reffion






8>><>>:

(28)

where the item k0 is

k0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ê2
xc1þc2
l;b

vc1þ1
0

1

xl;b
� v0

� �c2

aþ bð Þ exp a~gact;0
� �s

(29)

The analytical solution is obtained as

v0 nð Þ ¼ 1� a~z
0
; y0 nð Þ ¼ C1 exp k0nð Þ � exp �k0nð Þ½ � (30)

where the constant C1 is

C1 ¼ Ifl 1� ~z0ð Þ
reffionk0 exp k0ð Þ þ exp �k0ð Þ½ � (31)

In most cases, only the zero-order overpotential is neces-
sary for accurate calculation. The first-order solution of the
fuel molar fraction and overpotential can be obtained simi-
larly in Appendix A. At the inactive/active interface, the de-
rivative of the overpotential should be continuous, that is

dy0
dn





n¼0 ¼ 2k0 ~z0ð Þ:C1 ~z0ð Þ ¼ 1

aþ b
a 1� ~z0ð Þ

1� xl;b 1� a~z0ð Þ� �
1� a~z0ð Þ

(32)

which can used to determine the value of ~z0 with simple iter-
ation. When the conductivity of the electronic conductor is
far greater than that of the ionic conductor, the derivative of
the molar fraction distribution can be checked almost contin-
uous at the inactive/active interface.

Up to now, we get an approximate analytical solution
using RPM. However, it is hard to get an explicit expression
because of the implicit iteration of ~z0. On the other hand, the
overpotential distribution in the inactive zone does not satisfy
the boundary condition at the A/C interface. In fact, we did
not use the assumption of zero electrochemical reaction rate
(j 5 0) to get the linear overpotential in the inactive zone.
Considering the second-order derivative of the overpotential
(r2~g > 0), and its first-order derivative at the two boundaries
(d~g=d~zj~z¼0 < 0; d~g=d~zj~z¼1 > 0), the overpotential distribution
in the anode shows a concave tendency. In addition to the in-
tensive reaction close to the A/E interface, the mismatch of
the overpotential at the A/C interface also indicates another
boundary-layer effect, which can not be reflected by RPM.

Singular perturbation method

The boundary layer effect at the A/E interface can also
be found in the equation of overpotential. Assuming the
fuel concentration is uniform and linearly expanding the
exponential items in Eq. 19, we can find that C ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
e2
x1;bc1 1� x1;b

� �c2 aþ bð Þ
q

is similar to the Thiele modulus

in mass transfer. With the above typical values of parameters

(l 5 1 3 1023 m, x1,b 5 0.85, c1 5 0.734, c2 5 0.266, a 5
1, b 5 0.5), it follows that G � 87.5, which means only a
small part of the electrode is utilized. As mentioned earlier,
there is another boundary layer effect at the A/C interface.
Unlike the constant e2 which is dependent on the electro-
chemical reaction intensity (i0,refSTPB) and the electrode
thickness, the value of e2 5 reff/(neFfctD1,eff) is only related
to the operating temperature and the ratio of porosity to tor-
tuosity. With the typical value of T 5 1073.15 K, pDH2

,H2O

5 82 Pa m2 s21, ep/s 5 0.1, reff 5 2.27 S/m, the value of
e 5 0.024 is also small enough to be chosen as a general
perturbation variable here.

In the regular scale of ~z, the outer-boundary solutions at
the A/E interface and the A/C interface can be approximated
is series of e

~goA=E ~zð Þ ¼ ~goA=C ~zð Þ ¼ Y0 ~zð Þ þ eY1 ~zð Þ þ o eð Þ (33)

From Eqs. 18–20, there is the following relationship
between ~x and ~g

~x ~zð Þ ¼ 1� b~zþ e2

xl;b
~g ~zð Þ � ~g 0ð Þ½ � b ¼ areff=r

eff
ion

� �
(34)

which can be used to eliminate ~x. With the same-order items
on both sides of Eq. B2 are equivalent, the dimensionless
overpotential can be obtained as

Y0 ~zð Þ ¼ 1

aþ b
ln

1� xl;b 1� b~zð Þ
1� xl;b
� �

1� b~zð Þ

" #
; Y1 ~zð Þ ¼ 0 (35)

Obviously, it does not satisfy the boundary conditions at
the A/E and A/C interface. Firstly, we define a new dimen-
sionless coordinate, f1 ¼ 1� ~zð Þ=e, to enlarge the boundary
layer at the A/E interface.24 Then, the inner-boundary over-
potential at the A/E interface is approximated as

~giA=E f1ð Þ ¼ h0 f1ð Þ þ eh1 f1ð Þ þ o eð Þ (36)

By expanding the outer-boundary solution at the A/E inter-
face in the scale of f1

~g0A=E

� �i
f1ð Þ ¼ u0 � e

bf1
aþ bð Þ 1� bð Þ 1� xl;b 1� bð Þ� � (37)

where

u0 ¼
1

aþ b
ln

1� xl;b 1� bð Þ
1� xl;b
� �

1� bð Þ

" #
(38)

The zero-order item of the inner-boundary solution should
be a constant, i.e. h0(f1) 5 u0, which is compatible with the
system in Eq. B5. From the system of Eq. B6, the first-order
overpotential is

h1 f1ð Þ ¼ C5 exp k1f1ð Þ þ C6 exp �k1f1ð Þ
� bf1

aþ bð Þ 1� bð Þ 1� xl;b 1� bð Þ� � ð39Þ
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where C5 5 0 because of the bounded limitation of h1 as
lim

ex!0;~z 6¼1
f1 ¼ 1� ~zð Þ=e ¼ 1, and

C6 ¼ 1

k1

Ifl

reffion

� b

aþ bð Þ 1� bð Þ 1� xl;b 1� bð Þ� �( )
(40)

By expanding Eq. 36 in the scale of ~z, it can be found that
the outer expansion of the inner-boundary solution is consist-
ent to the inner expansion of the outer-boundary solution at

the A/E interface, i.e. ~giA=E

� �o
¼ ~go

A=E

� �i
.

Similarly, the inner-boundary overpotential at the A/C
interface can be approximated in an enlarged scale,24

f2 ¼ ~z=e

~giA=C f2ð Þ ¼ #0 f2ð Þ þ e#1 f2ð Þ þ o eð Þ (41)

With the expansion of the outer-boundary solution at the
A/C interface in the scale of f2

~goA=C

� �i
f2ð Þ ¼ e

bf2
aþ bð Þ 1� xl;b

� � (42)

there should be #0ðf2Þ ¼ 0 which is compatible with the sys-
tem in Eq. B10. The analytical solution of Eq. B11 is

#1 f2ð Þ ¼ C7 exp k2f2ð Þ þ C8 exp �k2f2ð Þ þ bf2
aþ bð Þ 1� xl;b

� �
(43)

where C7 5 0 because of the bounded limitation of #1 as
lim

e!0;~z 6¼0
f2 ¼ ~z=e ¼ 1, and

C8 ¼ 1

k2

Ifl

reffel

þ b

aþ bð Þ 1� xl;b
� �" #

(44)

By expanding Eq. 41 in the scale of ~z, the outer expansion
of the inner-boundary solution is found also consistent to the
inner expansion of the outer-boundary solution at the A/C

interface i:e: ~giA=C

� �o
¼ ~go

A=C

� �i
� �

.

So, the explicit expression of the dimensionless overpoten-
tial can be obtained by

~g ~zð Þ ¼ ~go
A=C ~zð Þþ ~gi

A=C ~zð Þþ ~gi
A=E ~zð Þ� ~gi

A=C

� �o
~zð Þ� ~gi

A=E

� �o
~zð Þ

¼ Y0 ~zð Þþ eC6 exp �k1 1�~z
e

� �þ eC8 exp �k2 ~zeÞ ð45Þ�
Analysis and Discussion

By using bvp4c algorithm of boundary value problems for
ordinary differential equations in MATLAB, we can obtain
the exact solution of the anode transport model. On a 1.2-
GHz PC, it takes almost 0.45 s and 0.65 ms to generate the
numerical and approximate analytical solutions. Table 1 lists
the parameters in the base case.

As shown in Figures 2a, b, the approximate solutions by
the regular and singular perturbation method both agree well
with the exact solution in the overall anode. As shown in
Figure 2c, there is almost no exchange between the elec-

tronic and ionic current density in the most area of the an-
ode, and the ionic current density increases sharply in the
zone close to the A/E interface. In the base case, the active
zone is ;7% of the anode thickness. The boundary-layer
reaction in the thin active zone ensures the accuracy of the
two perturbation methods. Figure 2d is the enlarged overpo-
tential distribution in the active zone, there is some discrep-
ancy between the approximate solution and the exact one
with the relatively high current density (I 5 2 3 104 A/m2).
As the current load decreases, the approximate solution will
be almost identical to the exact one.

In general, the conductivity of the electronic conductor in
the anode is far greater than that of the ionic conductor,
which makes the boundary-layer effect close to the A/C
interface almost invisible. From Eqs. 1–3, the ionic current
density is related to the overpotential as

iion ¼ reffel r
eff
ion

reffel þ reffion

dg
dz

þ reffion

reffel þ reffion

I (46)

The second item in the above equation reveals the direct-
current value of the ionic current density in the inactive
zone. As shown in Figure 3b, when the conductivity of the
electronic conductor is decreased to be comparable with the
conductivity of the ionic conductor, there is a fast increment
of the ionic current density to a considerable value close to
the A/C interface. In this case, the approximate solution
using the singular perturbation method clearly reflects the
concave tendency of the overpotential as shown in Figure 3a.
Undoubtedly, the decrement of the conductivity of the elec-
tronic conductor will lead to higher overall overpotential and
lower rated operating current density.

From, the variation of overpotential is obtained by

d~g
d~z

j
~z¼~zb

� k1C6 exp �k1
1� ~zb

e

� �
þ 1

aþ b
b 1� ~zbð Þ

1� xl;b 1� b~zbð Þ� �
1� b~zbð Þ ð47Þ

Table 1. Parameters in the Base Case

Descriptions Symbol Value

Anode thickness, m l 1.1 3 1023

Ratio of porosity to
tortuosity

ep/s 0.033

Reference volumetric
electrochemical
reaction rate, A/m3*

i0,refSTPB 4.9414 3 108

H2��H2O binary
diffusivity, m2/s1

D12 8.1535 3 1024

Electronic conductivity, S/m reffel 2 3 106

Ionic conductivity, S/m reffion 3.34 3 104 exp(210,300/T)
Anode transfer coefficient† a 1
Cathode transfer coefficient† b 0.5
H2 reaction order† c1 0.734
H2O reaction order† c2 0.266
Operating pressure, Pa p 1.013 3 105

Operating temperature, K T 1073.15
Inlet H2 molar fraction x1,b 0.85
Operating current density,

A/m2
I 2 3 104

*Interpolated from experiments in Ref. 14.
†From Ref. 8.
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Similar to the definition of boundary layer of fluids, we
can introduce the concept of boundary layer close to the A/E
interface. Assuming 99% variation of the ionic current den-
sity occurs in the boundary layer, it can be found from Eq.
46 that the derivative of the overpotential at the coordinate
of the boundary layer ~z ¼ ~zbð Þ is 1% of that at the A/E inter-
face. The dot–dash line in Figure 3b represents the threshold
dimensionless ionic current density. Considering the effect of
fuel bulk concentration on the boundary-layer thickness, it
can be obtained from Eq. 45

d~g
d~z






~z¼~z

b

¼ 0:01�0:01x1;b
� � Ifl

reffion

)~zb�1þ e
k1
ln 0:01�0:01xl;b
� �

(48)

Figure 4 shows the influence of some parameters on the
values of ez0 and ~zb, respectively in the case of different oper-
ating current density and fuel bulk concentration. The trend
of these two values can be analyzed from the effect of the
parameter on the electrochemical reaction rate. At a given
operating current density, when the reference electrochemical
reaction rate increases, or fuel and product reaction order
decreases, the reaction rate increases and the majority of
electrochemical reaction occurs closer to the A/E interface.
Then, the dimensionless ionic current density (iion/I) will
slowly increase more to the threshold value (1%), i.e., the
dimensionless thickness of the inactive zone increases. With
the higher operating current density, it requires higher thick-
ness of the active zone or the A/E boundary layer. In the

Figure 2. Comparison between the exact (numeric) solution and the approximation solutions by using the regular
perturbation method and the singular perturbation method.

(a) Distribution of the dimensionless hydrogen molar fraction. (b) Distribution of the overpotential in the overall anode. (c) Distribution of
the dimensionless ionic current density. (d) Distribution of the overpotential in the active zone of the anode. [Color figure can be viewed
in the online issue, which is available at www.interscience.wiley.com.]

Figure 3. Effect of the conductivity of the electronic conductor on the boundary-layer effect at the channel/anode
interface.

(a) Distribution of the overpotential, (b) distribution of the ionic current density. In this case, the conductivity of the electronic conductor
is just 20 S/m, and the operating current density is I 5 3000 A/m2, other parameters are the same as those in Table 1. The dash line in
(b) represents the second item in Eq. 46, and the dot–dash line is for the threshold of dimensionless ionic current density. [Color figure
can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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case of low fuel concentration, the high resistance of mass
transfer makes it more obvious. As shown in Figure 4b, the
values of ~z0 and ~zb is almost not influenced by the electric
load when the fuel concentration is high, while they get
influenced much by the operating current density at low fuel
concentration.

It is found that the approximate solution using RPM is
more accurate than that using SPM in most cases. As shown
in Figure 4, there is good agreement between the values ofez0 and ezb except the cases of high operating current density
and low fuel molar fraction. By replacing ez0 with ezb, we can
combine the two approximate analytical solutions of the
transport model, which can reflect the boundary layers at two
interfaces and avoid the implicit iteration of ez0. Thus, the fol-
lowing explicit expression of overpotential is valid in a wide
range

g ~z� ~zbð Þ ¼ 1

f aþbð Þ ln
1� xl;b 1� b~zð Þ
1� xl;b
� �

1� b~zð Þ

" #
þ eC8

f exp �k2 ~ze
� �

g ~z> ~zbð Þ ¼ 2C1

f
sinh k0

~z� ~zb
1� ~zb

� �
8>>><>>>:

(49)

The overall overpotential, gt can be obtained by integrating
the transport model

gt ¼ /el 0ð Þ � /ion 1ð Þ � /eq
el � /eq

ion

� �
¼ reffion

reffel þ reffion

g 0ð Þ þ reffel

reffel þ reffion

g 1ð Þ þ Il

reffel þ reffion

ð50Þ

As reffel reffion , the overall overpotential can be approxi-
mated by gt � g(1) 5 2C1sinh(k)/f.

We define the effectiveness factor, Y, as the ratio between
the overall electric current effectively supplied by the anode
and the overall electric current that would be supplied in the

case where the fuel concentration and the overpotential
would be uniformly equal to the bulk fuel concentration and
the overall overpotential on the overall anode, respectively

H ¼
R l
0
j x1; gð Þdz
j xl;b; gt
� � ¼ reff=l

j xl;b; gt
� � dg

dz





z¼l � dg
dz





z¼0

� �
¼ I

i0;refSTPBlx
c1
l;b 1� xl;b
� �c2 exp afgtð Þ � exp �bfgtð Þ½ � ð51Þ

Figure 5 shows the anode effectiveness factor with varia-
tion of some parameters. Here, the catalyst utilization ratio
of the anode is almost only 1%, which is consistent with the
above concept of A/E boundary layer. Further, when we
neglect the variation of fuel concentration (b 5 0), there is

k1=e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
e2
xl;bc1 1� xl;b

� �c2 aþ bð Þ
q

, which is equal to the

Thiele number (G) with the linearly expansion of the expo-
nential items. Then, the overall effectiveness factor will be
almost inversely proportional to the Thiele number (Y � 1/G)
and the active zone thickness is

1� ~zb � �H ln 0:01� 0:01xl;b
� �

(52)

The approximate solution of the transport model in the
cathode can also be obtained using the RPM. However, from
Eqs. 14 and 15, the two constants similar to the Thiele mod-
ulus are

U ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i0;refSTPBl2

2neFctDeff
12

s
; C ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i0;refSTPBf l2x

c1
l;b aþ bð Þ=reff

q
(53)

With the typical values as T 5 1073.15 K, pDO2
,N2

5
19.3 Pa m2 s21, ep/s 5 0.1, i0,refSTPB 5 1 3 109A/m3, l 5

Figure 4. Effects of parameters on the values of ~z0 and ~zb in two cases, x1,b 5 0.85, I 5 2 A/cm2 and x1,b 5 0.2,
I 5 0.5 A/cm2.

(a) Reference electrochemical reaction rate. (b) Operating current density. (c) Fuel reaction order and (d) is for product reaction order.
Other parameters are the same as those in Table 1. [Color figure can be viewed in the online issue, which is available at www.interscience.
wiley.com.]
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5 3 1025 m, it follows that F � 0.17 (i.e. F2 \ 0.1), which
means diffusion is much faster than reaction, and conse-
quently the reactant concentration in the electrode can be
considered as uniform. For a cathode using air, oxygen is
diluted by inert nitrogen and air flow rate is usually big for
cooling the cell, so it is reasonable to neglect the variation of
oxygen concentration in the thin cathode of an anode-sup-
ported SOFC.

If the overall overpotential is not high, we can obtain the
analytical solution of overpotential by linearization of the
exponent item in Eq. 15, which has been discussed detailed
in Ref. 18

g ~zð Þ ¼ Il

C sinh Cð Þ
1

reffion

cosh C~zð Þ þ 1

reffel

cosh C 1� ~zð Þ½ �

 �

(54)

As x1 5 x1,b, the implicit analytical solution of Eq. 15 is

d~g
d~z

¼
ffiffiffiffiffiffiffiffiffiffiffi
2C2

aþ b

s
1

a
exp a~gð Þ þ 1

b
exp �b~gð Þ

� �
þ C (55)

When reffel [[ reffion , the overpotential at the cathode/chan-
nel interface is far less than that at the cathode/electrolyte
interface [i.e., g(0) � 0, g(1) � g(0)]. Further, we can obtain
the approximate overall overpotential in the cathode when
the electric load is high

g1 � g 1ð Þ � 1

af
ln

a aþ bð Þ
2C2

Ifl

reffion

� �2

þ1þ a
b

" #
(56)

Conclusion

Both the mass and charge transfer should be considered in
the transport model in electrodes of SOFC, especially for the
thick electrode with high diffusion resistance. Aiming at the
1D isothermal transport model in the electrodes of an anode-
supported SOFC using binary mixture as fuel, two approxi-
mate analytical solutions using perturbation methods were
developed in this article. Both the two approximate solutions
agree well with the numeric solution in the case of medium
and low electric load.

On the basis of RPM, the distribution of the fuel concen-
tration and overpotential were approximated by dividing the
anode into the inactive zone and active zone. Then the other
approximate solution using SPM clearly reflects the two
boundary-layer phenomena of current density distribution
close to the A/C and A/E interface. Being consistent to the
low effective factor of the anode in an anode-supported
SOFC, the concept of boundary-layer thickness at A/E inter-
face can be used to get the combined approximate solution
in Eq. 49, which avoid the implicit iteration in RPM and get
more accurate than that using SPM. And the overall overpo-
tential in the cathode is also approximately obtained in the
high electric load.

The results in this article can be used to simplify distribu-
tion-parameter modeling of SOFCs and analysis of system
dynamics and control.

Notation

a,b5 slope rate of dimensionless fuel concentration
c5 concentration (mol/m3)
C5 constants

Figure 5. Effects of parameters on the anode effectiveness factor in two cases, x1,b 5 0.85, I 5 2 A/cm2 and
x1,b 5 0.2, I 5 0.5 A/cm2.

(a) Reference electrochemical reaction rate. (b) Operating current density. (c) Fuel reaction order. (d) Product reaction order. (e) Ratio of
porosity to tortuosity and (f) anode thickness. Other parameters are the same as those in Table 1. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]
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D5diffusivity (m2/s)
f5neF/R/T (V21)
F5Faraday’s constant (96487 C/mol)
i05 exchange current density (A/m2)
I5operating current density (A/m2)
j5 electrochemical reaction rate (A/m3)
l5 electrode thickness (m)

M5molecular weight (kg/mol)
ne5 electrons transferred per reacting molecule (ne 5 2)
N5flux (mol m22 s21)
p5pressure (Pa)
rp5mean pore radius of electrode
R5universal gas constant (8.314 J mol21 K21)

STPB5 active area of triple phase boundary (TPB) per unit volume
(m2/m3)

T5 temperature (K)
x5molar fraction

x1,b5 fuel or oxygen bulk molar fractionex5dimensionless molar fraction

z5 spatial coordinate along the electrode thickness (m)ez5dimensionless z coordinateez0 5dimensionless thickness of the inactive zoneezb 5dimensionless coordinate of boundary layer at A/E interface

Greek letters

a5 anode transfer coefficient
b5 cathode transfer coefficient
ep5porosity of electrode

e1, e2, e5perturbation variables
g5overpotential (V)eg5dimensionless overpotential

c5 reaction order
u5potential (V)
r5 conductivity (S/m)
s5 tortuosity
n5dimensionless coordinate for the active zone

f1, f25dimensionless coordinates for enlarged boundary layers
G5dimensionless parameter for charge transfer
F5dimensionless parameter for mass transfer
w5 positive direction of current density (w 5 1 in anode, w 5 21

in cathode)
Y5 effectiveness factor of electrode

Subscripts and superscripts

A/C5 anode/channel interface
A/E5 anode/electrolyte interface
eff5 effective
el5 electronic conducting phase
eq5 equilibrium
K5Knudsen
i5 species or inner expansion of boundary-layer solution

ion5 ionic conducting phase
t5 total or overall
o5outer expansion of boundary-layer solution
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Appendix A: First-Order Solution for RPM

According to Taylor expansion and binominal theorem, the
two following nonlinear equations are approximated in series
of perturbation variable (e)

ðgþ ehÞc � gc þ ecgc�1h; exp½gþ eh� � expðgÞð1þ ehÞ
(A1)

Similar to the zero-order equations, the system of the first-
order fuel molar fraction is

d2v1
dn2

¼ ê2k
2
0

xl;b
y0; v1 n¼0 ¼ 0;j dv1

dn





n¼1 ¼ 0: (A2)

Thus, it can be obtained

v1 nð Þ ¼ ê2C1

xl;b
exp k0nð Þ � exp �k0nð Þ½ � � C2n (A3)
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where the constant C2 is

C2 ¼ ê2Ifl 1� ~z0ð Þ=xl;breffion (A4)

The system of the first-order overpotential is

d2y1

dn2
¼ k20y1 þ k20k1y0v1 þ k20k2v1; y1 n¼0 ¼ 0j ;

dy1
dn n¼1 ¼ 0j

(A5)

where the item k1 and k2 are

k1 ¼
a

aþb þ c1 � c1 þ c2 þ 1ð Þxl;bv0
v0 1� xl;bv0
� � ;

k2 ¼ 1

ne aþ bð Þv0 1� xl;bv0
� � ðA6Þ

The analytical solution can be obtained by

y1 nð Þ¼ C3 exp k0nð Þ þ C4 exp �k0nð Þ

þ 2k1ê2C2
1

xl;b

1

3
cos h 2k0nð Þ þ 1

� �
� k1C1C2

4k0
2k20n

2 þ 1
� �

cos h k0nð Þ � 2k0n sin h k0nð Þ� �
þ k2ê2C1

2xl;b
2k0n cos h k0nð Þ � sin h k0nð Þ½ � þ k2C2n ðA7Þ

where the two constants C3 and C4 are not shown here for
long expression.

Appendix B: Detailed derivations for SPM

From Eqs. 33 and 34,

J ~zð Þ ¼ ~xc1
1

x1;b
� ~x

� �c2

~x exp a~gð Þ � 1� x1;b~x

1� x1;b
exp �b~gð Þ

� �
� 1� b~zð Þc1 1

x1;b
� 1þ b~z

� �c2

3 1� b~zð Þ exp aY0ð Þ � 1� x1;b 1� b~zð Þ
1� x1;b

exp �bY0ð Þ
� �


þe 1� b~zð Þa exp aY0ð Þ þ 1� x1;b 1� b~zð Þ
1� x1;b

b exp �bY0ð Þ
� �

Y1

�
ðB1Þ

The equations of the overpotential in the scale of ez is
e2
d2Y0
d~z2

þ e3
d2Y1
d~z2

¼ e1x
c1þc2
l;b

J ~zð Þ (B2)

Note that the constant e1 5 O(1) because of the large
thickness of the anode.

The equations and boundary conditions of the overpoten-
tial in the coordinate of f1 is

d2h0
df21

þ e
d2h1
df21

¼ e1x
c1þc2
l;b J f1ð Þ; dh0

df1
þ e

dh1
df1

¼ �e
Ifl

reffion

(B3)

where

J f1ð Þ � 1� bð Þc1 1

x1;b
� 1þ b

� �c2

3 1� bð Þ exp ah0ð Þ � 1� x1;b 1� bð Þ
1� x1;b

exp �bh0ð Þ
� �


þ e 1� bð Þa exp ah0ð Þ þ 1� x1;b 1� bð Þ
1� x1;b

b exp �bh0ð Þ
� �

h1

�
(B4)

So, the systems of the zero-order and first-order overpoten-
tial are

d2h0
df21

¼ e1x
c1þc2
1;b 1� bð Þc1 1

x1;b
� 1þ b

� �c2

3 1� bð Þ exp ah0ð Þ � 1� x1;b 1� bð Þ
1� x1;b

exp �bh0ð Þ
� �

dh0
df1






f1¼0

¼ 0

8>>>>>>>><>>>>>>>>:
ðB5Þ

d2h1 f1ð Þ
df21

¼ k21h1 þ
k21b

aþ bð Þ 1� bð Þ 1� x1;b 1� bð Þ� � f1;
dh1 f1ð Þ
df1






f1¼0

¼ � Ifl

reffion

ðB6Þ

where

k1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e1xc1þc2

1;b
1� bð Þc1þ1 1

x1;b
� 1þ b

� �c2

aþ bð Þ exp au0ð Þ
s

(B7)

The equations and boundary conditions of the overpoten-
tial in the coordinate of f2 are

d2#0

df2
2
þ e

d2#1

df2
2
¼ e1x

c1þc2
1;b J f2ð Þ; d#0

dn2
þ e

d#1

dn2
¼ �e

Ifl

reffel

(B8)

where

J f2ð Þ � 1

x1;b
� 1

� �c2�½exp a#0ð Þ � exp �b#0ð Þ� þ e
�
a exp a#0ð Þ

þb exp �b#0ð Þ�#1

� ðB9Þ

2978 DOI 10.1002/aic Published on behalf of the AIChE November 2007 Vol. 53, No. 11 AIChE Journal



So,

d2#0 f2ð Þ
df2

2
¼ e1x

c1þc2
1;b

1
x1;b

� 1
� �c2

exp a#0ð Þ � exp �b#0ð Þ½ �;
d#0 f2ð Þ
df2






f2¼0

¼ 0 ðB10Þ

d2#1 f2ð Þ
df2

2
¼ k22#1 � k22b

aþ bð Þ 1� x1;b
� � ; d#1 f2ð Þ

df2






f2¼0

¼ � Ifl

reffel

(B11)

where

k2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e1x

c1þc2
1;b

1

x1;b
� 1

� �c2

aþ bð Þ
s

(B12)
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